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^»^ . Abstract 

04 ■ In this paper we provide two different characterizations of sets with finite perimeter 

and functions of bounded variation in Carnot groups, analogous to those which hold 
in Euclidean spaces, in terms of the short-time behaviour of the heat semigroup. The 
second one holds under the hypothesis that the reduced boundary of a set of finite 
perimeter is rectifiable, a result that presently is known in Step 2 Carnot groups. 
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1 Introduction 
> 

\^ ' There are various definitions of variation of a function, and the related classes BV of 

0^ , functions of bounded variation, that make sense in different contexts and are known to 

C^ ' be equivalent in wide generality. In the Euclidean framework, i.e., R" endowed with the 

Euclidean metric and the Lcbesgue measure, the variation of / G L^(IR") can be defined as 



cn 



o 






\Df\{R")=snpUfdivgdx: geC^{R",R"), ||.9|1loo(K") < l| , (1) 

and jD/KR") < -l-oo is equivalent to saying that / e BV{W^), i.e., the distributional 

gradient of / is a (R"-valued) finite Radon measure. This approach can be generalized to 

. . , ambients where a measure and a coherent differential structure, which allows to define a 

tH ... 

C^ ' divergence operator, are defined. Alternatively, the variation of / can be defined through a 

relaxation procedure, 

\Df\ (R") = inf (liminf / \Vfk\dx : fk G Lip(R"), /,. ^ / in ^^(M")) , (2) 

and the space BV can be defined, accordingly, as the finitcness domain of the relaxed 
functional in i^(IR"). To generalize ^, no differential structure is needed, apart from 
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Lipschitz functions and a suitable substitute of the modulus of the gradient. Definitions 
H]) and ([2]) have been extended to several contexts, such as manifolds and metric measure 
spaces (see e.g. [32], [2], [IS]), and in particular Carnot-Carathcodory spaces and Carnot 
groups, see |10| . [S], [17j . However, we point out that the original definition of variation of 
a function, and in particular of set of finite perimeter, has been given by E. Dc Giorgi in 
[15] by a regularization procedure based on the heat kernel. He proved that 

|Z)/|(M") = hm / \VTJ\dx, (3) 

(where V denotes the gradient with respect to the space variables x € M" and Ttf{x) = 
/jj„ h{t,x — y)f{y)dy is the heat semigroup given by the Gauss- Weierstrass kernel h) and 
that if the above quantity is finite then / e BV{R'^). Equality ^ has been recently proved 
for Riemannian manifolds M in [TT], with the only restriction that the Ricci curvature of 
M is bounded from below, thus generalizing the result in |23j , where further bounds on the 
geometry of M were assumed. 

In this paper the framework is that of Carnot groups, where it is known that formulae ([T]) 
and ([2]) (where of course the intrinsic differential structure is used) give equivalent definitions 
of l-D/l, see [17]; we show here that (|3]) holds in a weaker sense, all the quantities involved 
being again the intrinsic ones. Namely, the two sides of ([3]) are equivalent, although we 
don't know whether they are equal (see Theorem [TT] for the precise statement). 

We think that it is interesting to comment on the proof of ^ in the various situations. 
Thinking of the left hand side as defined by ([T]), the < inequality follows easily by lower 
semicontinuity of the total variation and the L^ convergence oiTtf to /, so that the more 
difficult part is the > inequality. In M" it follows from the (trivial) commutation relation 
DiTtf = TfDif between the heat semigroup and the partial derivatives, whereas in the 
Riemannian case, as treated in [TT], it follows from the estimate ||rfTt/||ii(M) < e^ *\df\(M), 
where d denotes the exterior differential on M, which replaces the gradient in (jH]), and —K^ 
is a lower bound for the Ricci curvature of M. In the subriemannian case we are dealing 
with, the Euclidean commutation does not hold, and we are not able to prove that equality 
([3]) still holds, but only that the semigroup approach identifies the BV class. The proof 
relies on algebraic properties and Gaussian estimates on the heat kernel and its derivatives 
which allow to estimate the commutator [D,Tt]. Still different arguments are used in the 
infinite dimensional case of Wiener spaces. 

Recently, inspired by |21| . another connection between the heat semigroup and BV 
functions in R" has been pointed out in [24] . where the following equality is proved: 

|7^/|(R") = lim-^ / f h{t,x-y)\fix)~f{y)\dydx, (4) 

*-*tJ Zy/t jR-i Jm" 

which means that / G BV{W"-) if and only if the right hand side is finite, and equality 
holds. Equality (jT]) is first proved for characteristic functions and then extended to the 
general case using the coarea formula. The proof for characteristic functions of sets of finite 
perimeter, in turn, is based on a blow-up argument on the points of the reduced boundary 
and uses the rectifiability of the reduced boundary. In this paper we extend (|4]) to Carnot 
groups (see Theorem II 4p but, accordingly to the preceding comments, our proof depends 
upon the rectifiability of the reduced boundary, which is presently known to be true only 
in groups of Step 2, see |18| . Therefore, our proof would immediately generalize to more 
general groups, if the rectifiability of the reduced boundary were proved. Notice also that 
in general the heat kernel doesn't have the symmetries that the Gaussian kernel has, such 



as rotation invariance. As a consequence, equation Q assumes a different form in general 
Carnot groups of step two (see ((29)) in Tlieorem [T4l below) : however, in the special but 
important case of groups of Hciscnbcrg type, (|29p simplifies to a form very similar to ^ 
(sec Remark [T5l) . 

We point out that in the Euclidean case both (|3]) and (|3]) hold not only in the whole of 
R", but also in a localized form and with the heat semigroup replaced by the semigroup 
generated by a general uniformly elliptic operator, under suitable boundary conditions, see 
[3]. Finally, let us mention that the short-time behavior of the heat semigroup in R" has 
been shown to be useful also to describe further geometric properties of boundaries, see [3]. 
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2 Preliminaries and Main Results 

We collect in the first two subsections the notions on Carnot groups and BV functions 
needed in the paper. After that, we devote the last subsection to the statement of the main 
results and some comments. 

2.1 Carnot groups and heat kernels 

Basic definitions. Here we recall some basic known facts about Carnot groups, whose 
precise definition we shall give after introducing some notation. We refer to [71 § 1.4] for 
the proofs and further details. 

Let R" be equipped with a Lie group structure by the composition law o (which we call 
translation) such that is the identity and x~^ = —x (i.e., the group inverse is the Euclidean 
opposite); let R" be also equipped with a family {Z?(A)}^^q of group automorphisms of 
(R",o) (called dilations) of the following form 

D{X):{xu...,Xn )^ (A'"ixi,...,A'""x„) 

where wi < a;2 < . . . < f^n a-re positive integers, with wi = 0^2 = • ■ • = '^q = Ij^^j > 1 for 
i > q for some q < n. 

If Lx is the left translation operator acting on functions, {Lxf){y) ~ f{xoy), we say that 
a differential operator P is left, invariant if P(Lxf) ~ Lx{Pf) for every smooth function 
/. Also, we say that a differential operator P is tiomogeneous of degree (5 > if 

P{f{DiX)))ix)^\'iPf){DiX)x) 

for every test function /, A > 0, x e R", and a funetion f is tiomogeneous of degree (5 £ R 
if 

/ (^(A)^) = A-^' / {x) for every A > 0, xe R". 

Now, for J = 1, 2, ..., q, let 

n 

x, = ^g^(x)a,^ (5) 



be the unique left invariant vector field (with respect to o) which agrees with dx^ at the 
origin, and assume that the Lie algebra generated by Xi,X2, ■■■,Xq coincides with the Lie 
algebra of G. Then wc say that G = (R", o, {_D(A)}a>o) is a (homogeneous) Carnot group 
or a homogeneous stratified group. 

More cxphcitly, setting Vi = span{Xi,X2, ...,Xq\, Vi+i ~ \Vi,Vi] (the space generated 
by the commutators [X,Y], with X € Vi, Y £ 1/,), there is fc € N such that M" = 
Vi © • • • © Vfc, wfth Vfc ^ {0} and Vi = {0} for i > k. The integer k is called the step 
of G. Since Vi at can be identified with R^, by the left invariance of the vector fields 
Xi we can identify Vi with M* for every x € R". Note that all vector fields in Vj are 
j-homogeneous and call 

k n 

Q = ^jdimV, ^J2^3 
the homogeneous dimension of G. The operator 

is called sublaplacian; it is left invariant, homogeneous of degree two and, by Hormander's 
Theorem, hypoclliptic. 

Structure of left- and right-invariant vector fields. It is sometimes useful to 
consider also the right-invariant vector fields X^ (j — 1, . . . , n), which agree with dx^ (and 
therefore with Xj) at 0; also these Xf^ are homogeneous of degree one for i < q. (For the 
following properties of invariant vector fields see [371 pp-606-621] or [5|). As to the structure 
of the left (or right) invariant vector fields, it can be proved that the systems {Xi} and 
{Xf-^ have the following "triangular form" with respect to Cartesian derivatives: 

n 

X, = dx^+ Y. qH^)dx, (6) 

n 

X!' = dx,+ Y. t{x)dx, (7) 

k=i+l 

where gf ,gf are polynomials, homogeneous of degree uJk — oJi (the Wi's are the dilation 
exponents). When the triangular form of the XiS is not important, we will keep writing 
([5|), more compactly. 

The identities (jH))-© imply that any Cartesian derivative dx,. can be written as a linear 
combination of the X,;'s (and, analogously, of the X^'s). In particular, any homogeneous 
differential operator can be rewritten as a linear combination of left invariant (or, similarly, 
right invariant) homogeneous vector fields, with polynomial coefficients. The above structure 
of the Xj's also implies that the L/^ transpose X* of Xi is just —Xi (as in a standard 
integration by parts). From the above equations we also find that 



^.-E ^'(^)^. 



where cf (x) are polynomials, homogeneous of degree uJk — i^i- In particular, since ujk — ^i < 
ojk, Ci{x) does not depend on Xh for h > k and therefore commutes with X^, that is 

n 

X^f^Y^k {cH^)f) (* = !,...,«) 



for every test function /. The above identity can be sharpened as foUows; taking its value 
at the origin we get: 

k—i 

since for k > q the cf (x) are homogeneous polynomials of positive degree, and therefore 
vanish at the origin. Hence c^ ~ 6ik for z, A: ~ 1, 2, ..., g, that is: 

n 

XJ - X«/ + ^ Xf (cHx) f) for * = 1, . . . , g. (8) 

k=q+l 

Moreover, the operators X^ \ with k > q, can be expressed in terms of the X^ , . . . , X?^, i.e., 
for every k ~ q + 1, . . . ,n there arc constants ??*^^j^ ^^ such that 

^^= E ^U...^.JX■■■Xt,■ (9) 

1 < z J < g 

Convolutions. The convolution of two functions in G is defined as 

{f*9){x)^l f{xoy-^)g{y)dy ^ g{y^^ o x) f [y) dy , 



for every couple of functions for which the above integrals make sense. From this definition 
we see that if P is any left invariant differential operator, then 

P{f *9) = I*Pg 

(provided the integrals converge). Note that, if G is not abelian, we cannot write / * Pg = 
Pf * g. Instead, if X and X^ are, respectively, a left invariant and right invariant vector 
field which agree at the origin, the following hold (see [57], p. 607) 

{Xf) *g = f* (X«5) ; X^ (/ * g) = (X^/) * g. 

Explicitly this means 

X"g{y'^ox)f{y)dy^ I g{y-^ o x) Xf{y) dy (10) 



for any /, g for which the above integrals make sense. 

Heat kernels. If G = (R",o,£)(A)) is a Carnot group, we can naturally define its 
parabolic version setting, in R"+-'^: 

(i, u) op (s, v) = {t + s, uov); Dp (A) (i, u) = (A^i, D (A) u) . 

If we define the parabolic homogeneous group Gp = (M"^^, op, _Dp(A)), its homogeneous 
dimension is (5 + 2. Let us now consider the heat operator in Gp, 

q 

J=l 

which is translation invariant, homogeneous of degree 2 and hypoclliptic. By a general result 
due to FoUand, see [TB], % possesses a homogeneous fundamental solution h{t,x) , usually 
called the heat kernel on G. The next theorem collects several well-known important facts 
about /i, which are useful in the sequel; the statements (i)-(v) below can be found in jl61 
Section IG], while the estimates PT|) -([T ^ are contained in P21 Section IV. 4]. 



Theorem 1 There exists a function h(t,x) defined in M"^^ with the following properties: 
(i) /ieC°°(R"+i\{0}); 

(li) h (A^t, D (A) x) = X-'^h (t, x) for anyt>0,xeW\ A > 0; 
(Hi) h {t, x) ^0 for any t <0,x e M"; 

(iv) / h (t, x) dx — 1 for any t > 0; 

(v) h (i, x^^) = h (t, x) for any t>0,x eW. 

Setting ht{x) ~ h{t,x), let us introduce the heat semigroup, defined as follows for any 
/GL1(M"); 

Wtfix)= f h{t,y-^ox)f{y)dy={f*ht){x). 



Then, for any f e L^ (M") and t > 0, we have Wtf € C°° (R") and the function u (t, x) = 
Wtf{x) solves the equation T-Lu = in (0, cxd) x M". Moreover, 

u {t, x) — > / (x) strongly in i^(]R") as t — > 0. 

Finally, for every nonnegative integers j, k, for every x £ R", t > 0, the following Gaussian 
bounds hold: 

\X,,---X,^{dt)''h{t,x)\ <c(j, fc)i-('3+^+2'=)/2e-l-l'/'=* (12) 

for ii,i2, ■■■,ij G {1,2, ...,q} . Here c > 1 is a constant only depending on G, while c(j,k) 
depends on G, j, k. 

Remark 2 The Gaussian estimates in this context usuaUy involve the so-called homoge- 
neous norm and are more precise than those we use here, that are stated in terms of the 
Euclidean norm. We have stated the Gaussian bounds in the present form because we don't 
need the estimates in their full strength and pT|) . ([T^ follow immediately from the usual 
estimates In this way we avoid the introduction of the homogeneous norm, which we don't 
need. 

The bound on the derivatives Xi^ ■ ■ ■ Xid^ h {t, x) still holds, in the same form, if the 
vector fields X^^ , • • • , Xi. are replaced with any family of j vector fields, homogeneous of 
degree one; for instance, we will apply this bound to derivatives with respect to the right 
invariant vector fields Xf-. Moreover, a homogeneity argument shows that if a (x) is a 
homogeneous function of degree j' , then 

2.2 BV functions 

Let us define the Sobolev spaces W^^'^((G), 1 < p < oo, and the space BV{G) of functions 
of bounded variation in G and list their main properties. We remark that the definition of 
BV{G) goes back to [TU] and refer to [T] and to [IH] for more information on the Euclidean 
and the subriemannian case, respectively. We start from the Sobolev case. 



Definition 3 For 1 <p < oo, we say that / G LP(R") belongs to the Sobolev space W^p{ 
if there are /i, . . . , /g e L^(R") such that 



f{x)X^g{x)dx ^- g{x)fi{x)dx, i^l,...,q, 

for all g G Cq(M"). In this case, we denote /,; as Xjf and set 

Vx/-(Xi/,X2/,...,X,/). 

We also let 

llVx/ILi(K„) = / \Vxf\dx^ f Jj2' \XJ\'dx. 

Wc now consider functions of bounded variation. 

Definition 4 For f G L^(M") we say that f e BV{G) if there are finite Radon measures 
lii such that 

f{x)Xig{x)dx = - I gix)dfii, i = l,...,q, 



I 



/R" 



for all g e Cg(M"). /n t/iis case, we denote /i^ 6?/ X;/ and notice that the total variation of 
the W^ -valued measure Daf = [Xif, . . . , Xqf) is given by 

|Z?g/| (K") = sup |y^ /(a;)divGff(a;)dx : g G C ^ (R",M«) , ||g||^ < l| (13) 

where 

q 

divGg{x) = ^X,gi{x), if g{x) = {gi{x), . . . ,gq{x)) 

1=1 

and ||.g||oo = sup^gR„ |5r(a::)|. 

With the same proof contained e.g. in [l] Prop. 3.6], it is possible to sliow that if / 
belongs to BV{G) then its total variation |I?g/| is a finite positive Radon measure and there 
is a |£'G./|-nieasurable function af : M" — ^ W^ such that |cr/(a;)| = 1 for \DQf\-a,.e. x £ M" 
and 

/ /(x)divG5(x)dx = / {g,af)d\DGf\ (14) 

JK" JR" 

for all g £ Cq{G,M.'^) where, here and in the following, wc denote by (•,•) the usual inner 
product in W^ . 

Wc denote by D^f the vector measure — ct/IUg/Ii so that Xif is the measure {—a-f)i\Dcf\ 
and the following integration by parts holds true 



f{x)X,g{x)dx^- g{x)d{XJ){x) (15) 

JR" 

for all g £ C,J(G). Note also that 

\X.f\ (R") < \DGf\ (K") . (16) 

To visualize the above definitions we note that, whenever / is a smooth function, by the 
Euclidean divergence theorem we have: 

a/ = - | , ; d\DGf\{x)^\Vxf{x)\dx] 



(whenever |Vjf/| ^ 0) and 

d(X,!){x)=X,j{x)dx 

It is clear that W^'^(G) functions are BV(G) functions whose measure gradient is absolutely 
continuous with respect to Lebesgue measure. Moreover, since it is the supremum of L?-- 
continuous functional, the total variation is L^(R") lower semicontinuous (see [T51 Theorem 
2.17]), i.e., /fc -^ f in L'^{R") implies that 

\DGfmn < hminf |DgM(M"). (17) 

k—>-oo 

Namely: 

/ Mx)dwGg{x)dx < \DGfkmn, V5 e C^ (K",R^) , ||gj|^ < 1. 
Passing to the liminf as fc — > oo we get 

/ fix)divG9{x)dx < liminf |DgM(M") 

and taking the supremum over all possible g's we get (|17p . 

Definition 5 (Sets of finite G-perimeter) IfxE is the characteristic function of a mea- 
surable set E C K" and \Dg,Xe\ is finite, we say that E is a set of finite G-perimeter and 
we write Pg{E) instead of JUcXbI, Pq{E,F) instead of \Dc,xe\{F) for F Borel. Also, we 
call (generalized inward) G-normal the q-vector 

VE {x) = -CTxE {x) . 
Recall that |i/£; (a;)| = 1 for Pc{E)-a..e. a; G M". In this case pi)) takes the form 

divG.g(x)dx = - / {g,VE)dPG{E). (18) 



Moreover, notice that if E has finite perimeter, then by the isoperimetric inequality in 
Carnot groups, see e.g. [lOl Theorem 1.18 and Remark 1.19], cither E or its complement 
E'^ has finite measure. 

Remark 6 To help the reader to visualize the above definitions, let us specialize them to 
the case of a bounded smooth domain E, see [TH Prop. 2.. 22]. Let ue be the Euclidean 
unit inner normal at dE, and consider the g-vector v whose i-th component is defined by 

n 

(where the qf are the coefficients of the vector fields Xi, defined in ([5])). Then 

divG9ix)dx = - {g,v)dH^'-^^ {x) 

E JdE 



'^E = ^, dPG{E) = \v\d{H'^-^]^dE)[x) (19) 



from which we read that in this case 

V 

R 

at least at those points of the boundary where u 7^ (noncharacteristic points). Here H"^^ 
is the Euclidean {n — l)-dimcnsional Hausdorff measure and L denotes the restriction of the 
measure. 



Identity p^ can be extended to the case g £ C^ (G), / G BV (G) as follows: 

XSiy-'ox)f{y)dy= [ g{y-'ox)d{X,f){y) (20) 



where the last integral is made with respect to the measure defined by Xif. To see this, it 
is enough to take a sequence fk G W^'^{G) such that fk^f'^^^ L^(R") and Xifk is weakly* 
convergent to Xif (the existence of such a sequence is proved in [17]), so that 



/ ^i^giy ^ ° x) fkiy) dy = lim / g{y ^ o x) XJk{y) dy 

giy-'ox)d{XJ){y). 



lini 

fc— >oo 



Let us come to some finer properties of BV functions that wc need only in the proof of 
Theorem [M] We refer to [17l Theorem 2.3.5] for a proof of the following statement. 

Proposition 7 (Coarea formula) If f E BV{G) then for a.e. t E M. the set E^ = {x G 

R" : f{x) > r} has finite G-perimeter and 

r+cc 

|i^G/|(R")= / \DGXEM'^ndr. (21) 



Conversely, if f E L'^{W) and J^^ |DGX£;J(K")rfT < +oo then f € BV{G) and equality 
pip holds. Moreover, if g : M" -^ M. is a Borel function, then 

/•+00 /• 

g{x)d\DGf\{x) = / g{x)d\DGXEMx)dT. (22) 



Next we have to introduce the reduced boundary. This definition relies on a particular 
notion of balls in G. We will denote by Boo{x,r) the doo-balls of center x and radius r, 
where doo {x,y) = doo (0,2/~^ o a;) and doo (0, x) is the homogeneous norm in G which is 
considered in [HI Theorem 5.1]. We do not recall its explicit analytical definition since we 
will never need it. The distance doo can be used to define the spherical Hausdorff measures 
S^ through the usual Caratheodory construction, see e.g. [151 Section 2.10.2]. 

Definition 8 Let E C M" he measurable with finite G-perimeter. We say that x G d^E 
(reduced boundary of E) if the following conditions hold: 

(i) Pg {E, B^{x, r)) > for all r > 0; 

(a) the following limit exists 

y DGXE{Boa{x,r)) 
r^^o\DGXE\{B^{x,r)) 

and equals j/£;(x). 

(Hi) the equality \i'Eix)\ = 1 holds. 

In order to state the next result, let us introduce some notation. For E C M", xq G M", 
r > we consider the translated and dilated set Er,xo defined as 

Er,xo ={x& M" : xo o D{r)x e E] = D{r-^)(x(^^ o E). 



For any vector i' e M*? we define the sets 

S+{iy) ^ {x e R" : (ttx, iy)>0}, Tg{v) = {x e M" : (ttx, v) = 0} 

where tt : R" — )• R^ is the projection which reads the first q components. Hence the set 
Tg(i^) is an Euclidean {{n — l)-dimensional) "vertical plane" in R"; it is also a subgroup of 
G, since on the first q components the Lie group operation is just the Euclidean sum. 
We arc now in a position to state the following result (see |181 Theorem 3.1]). 

Theorem 9 (Blow-up on the reduced boundary) Let G he of Step 2. If E C R" is a 

set of finite G-perimeter and Xq € d^E then 

l™^^'-^o=X5+(..(.o)) i^^ ^ioc(K"). (23) 

(Note that i^E(a;o) is pointwise well defined for xq € d^E, by point (ii) in Deflnition\^. 
Moreover, Pg, {E)-a.e. a; S R" belongs to d^E. 

The last statement in the above theorem allows us to rewrite formula ^TE\\ as an integral 
on the reduced boundary with respect to the Q — 1 spherical Hausdorff measure as follows: 

[ divG9{x)dx ^ -9^ [ {g,i^E)dS2r\ (24) 

Je Ja^E 

(here 9oo is a constant depending on G, see [151 Theorem 3.10]), which looks much closer to 
the classical divergence theorem. Moreover, the following analogue of p^ holds: 

PGiE,-)==.e^S2r'\-idGE). (25) 

In order to apply the Lf^^ convergence of (P5)) we will need also the following 

Remark 10 If E, {Ek}^^^ C R" are measurable, xe^ ^ Xe in ^locC^") and f e L^ (R") n 
L°° (R"), then fxEk ^ fXE in L^(R"). In fact, given e > 0, there is a compact set K such 
that 

/ \f\dx<e, 

whence 

/ \{XE^-XE)f\dx<e+\\f\\^ \XE,-XE\dx 

and the last integral tends to as fc — !• oo. 

2.3 Main results 

We state here the main results of this paper, namely Theorems [TT1 and [HI 
Theorem 11 Let f e L^ (R"). The quantity 

limsup||VxWt/||ii(K-) 

is finite if and only if f (z BV (G). In this case the following holds: 



\DGf\ (R") <liminf ||VxW-JILi(K„) < limsup || VxW-t/ILi(K„) 

<(l + c)|i^G/|(R"), 
where c> is a constant depending only on G. 



10 



Theorem 1111 shows that even in Carnot groups Definition 2] is equivalent to the analogue 
of De Giorgi's original definition ([3]) given in the Euclidean case, even though wc don't know 
if the limit exists. Section |3] is devoted to the proof of Theorem [TTl 

The next result requires the additional hypothesis that G is a Carnot group of Step 2. 
As we explain in Section SI the reason is that our proof uses the rectifiability of the reduced 
boundary of a set of finite perimeter in G, which is known only in the Step 2 case, see [T5] . 
Our argument works whenever the rectifiability theorem is true, and then would extend 
immediately to all cases where the rectifiability result were extended. 

We start by defining the function 



4'g{'^) = / h{l,x)dx, (26) 

for vectors v G M.''. Here the integral is taken over Tg(i^), which is a hyperplane in R"; to 
simplify notation, we keep denoting by dx the {n — l)-dimensional Lebcgue measure over 

The function (Jjq is continuous and, using the Gaussian bounds pi[) . there are constants 
ci, C2, depending on the group, such that 







< ci < 0g(j^) < C2. (27) 



Remark 12 (Rotation invariance of heat kernels) Notice that if the heat kernel is in- 
variant under horizontal rotations (that is, under Euclidean rotations in the space W^ of the 
first variables xi, a;2, ■■■,Xq of R"), then (J)iq is actually a constant (that is, independent of ly). 
This happens for instance in all groups of Heisenberg type (briefly called H-type groups), 
in view of the known formula assigning the heat kernel in that context (for a discussion 
of H-type groups, see for instance [71 Chap. 18]; for the computation of the heat kernel 
in this context, see |26|). By the way, we point out that in the Heisenberg groups with 
more than one vertical direction the heat kernel is invariant for horizontal rotations, but the 
sublaplacian is not. This can be seen through a direct computation based on (3.14) in [7]. 
On the other hand, from the general formula assigning the heat kernel in Carnot groups of 
step two, proved by [12] (see also [5]), one can expect the existence of groups of step two 
(more general than H-type groups) where the heat kernel is not invariant under horizontal 
rotations and the function (J)iq is not constant. 

Let us first state our next result in the case of perimeters. 

Theorem 13 Let G be of Step 2. If E C M" is a set of finite <G-perimeter, ttie following 
equality holds 

lhn—^fwtXE{x)dx^f ci>G{vE)dS2,-\ (28) 

Conversely, if either E or E'^ has finite measure and 



liminf ^ / Wt\E{x) dx < -|-cxd. 



then E has finite perimeter, and (|28p holds. 

For general BV functions, we have the following. 
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Theorem 14 Let G be of Step 2. Then, if f E BV{G) the following equality holds: 

/ </)G(a/)d|i^G/| = lim-i= / \f{x)-f{y)\h{t,y-'ox)dxdy, (29) 

JR" *~*''J 4vt JR"xR" 

where Uf is defined in (jl4[) . Conversely, if f E L^(K") and the liminf of the quantity on the 
right hand side is finite, then f G BV{<G) and (|29p holds. 



Remark 15 Note that, in view of (P5|) . (P7|) and Remark [T^ the right-hand side of 
is always equivalent to, and in groups of Heisenberg-type is a multiple of, Pq (E); the left- 
hand side of (|29l) is always equivalent to, and in groups of Heisenberg-type is a multiple of, 

\DGf\ (M"). 

The proofs of the above results will be given in Section |4l 

3 Proof of Theorem [TT] 

In this section we give the proof of Theorem [TT| first of all, we notice that Wtf — ?• / in L^ 
as i -> 0; moreover Wtf e C°° (R"), hence 



\DGWtfmn^ / \'^xWtfix)\dx. 

JR" 

Therefore by the lower semicontinuity of the variation, that is (J17p . the inequality 



|-Dg/|(K") < liminf / \VxWtfix)\dx (30) 

holds, and then it remains to prove only the upper bound. We also notice that inequality 
(|30|) implies that if / € L^(]R") is such that the right hand side of (pO)) is finite, then 
/ e BV{G). So, Theorem [n] will follow if we prove that 

limsup / \\7xWtfix)\dx < (1 + c) |i?G/|(K") (31) 

for all / e BV{G). 

We start with the following result, which will be useful in the proof of Theorem [11] It 
is a consequence of the algebraic properties of G and the Gaussian estimates on the heat 
kernel h (see Section [24]) . 

Lemma 16 For i,j G {1, . . . , q}, let G^ he the kernel defined by the identity: 

n q n 

k=q+l j=l k=q+ll<ii<q 

= ilxfG){t,z), (32) 

i=i 

where the functions c^ and the constants d\ ^ ^ are those introduced in ([5]) and © , 
respectively. They have the following properties: 

(i) G) {XH, D (A) z) = \-^G) (i, z) for any X > 0,t > 0, z e M"; 
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(ii) there is a positive constant c, independent of t, such that 

\G){t,z)\dz< c; 



(Hi) I G^j (t, z) dz ~ Q for any t > 0; 

(iv) for every e > 0, ig > there exists R > such that 

|G'*(t, z)|dz < e for any < t < to- 

'\Br 

Proof, (i) holds because cf^(-) is homogeneous of degree Wfc — w^ = cjk — 1 (for i = 1,2, ..., q), 
h{t, ■) is homogeneous of degree —Q, and X^...X^ is a homogeneous differential operator 
of degree Wfe — 1. For the same reason, the Gaussian estimates on h also imply, by Remark [2l 



\G)it,z)\ 



Xl...Xl^ {c\{,)h{t,-)){z) 



< ct-Q/^e-l^l'/'^* 



(33) 



To prove (ii), with the change of variables z ^ D {\/t) w and using (i) and p3p . we compute: 
\G) (t, z)\dz= I G) (t, D (Vt\ w\ 

[^(l,^)!^^^ / ce-l"'l"/'=dw (34) 



t'^l^dw 



which is a finite constant, (iii) holds because G' is, by definition, a linear combination of 
derivatives of the kind 



X 



X^...Xl {c^{-)h{t,-)) ^Xf^Hit,-), 



we know that (X/^) = —X[^ (where () denotes transposition) and therefore we may 
deduce that /g„ Xf^f (x) dx = for any / for which this integral makes sense. To prove 
(iv), it suffices to modify the computation ([34| as follows: 



\GUt,z)\dz< 



-l-l'/'^du; 



< e 



\w\>R/Vt 



for R large enough and t < tg. ■ 

The following result contains the main estimate on the commutator between the deriva- 
tive Xi and the heat semigroup Xi {Wtf) — Wt [Xif). 



Proposition 17 For any f E BV I 

function /xj on R" such that 



id i £ {\,2, . . . ,q\ , i > 0, there exists an L^ 



X, {Wtf) {x) = Wt (XJ) (x) + filix), 
where Wt (X^f) is the function defined by 

WtiXJ)ix):= f h{t,y-'ox)dXJiy). 

Moreover, for any i > 0, 

||MtlUi(R") < cq\DG 
where c is the constant in Lemma \lM (ii). 



(35) 
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Proof. Let f e BV (G) and fix i e {1, 2, ..., q}. By © and ^ we have 
X^Wtf {x) ^ j ^ X,h (i, 2/-1 o x) / [y) dy (36) 

Xf /I (t, y-' ox)f{y)dy+ ^ Xf (cf (•) /i (t, •)) (y"^ ° x) f (y) dy 

"'K" k=q+l 

^X^h{t,y-^ox)f{y)dy 

j^H T. ^U....^.JnX^.-XtJ^'i-)hitr)){y''ox)f{y)dy 

k—q-\-l l<ij <g 

^h{t,y-'ox)d{XJ)iy) 

n „ 

+ E E <.......J_^x^...x,^^ (cf(.)/i(t,.))(y'^ox)d(x,/)(y) 

M^, (XJ) {x)+J2 [ G] {t, y-' o x) d {X,f) {y) , 



where the kernels G* are defined in Lemma [111 Set 

q 



then by Lemma \W\ and (J16p we have 
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/^* (^) = E / G} (^'y"' ° ^) ^(^./) (y)' (37) 



that is ([55]). By (P5| and ((57)) . we can write: 

X, (Wtf) (x) = Wt (XJ) (x) + ij\{x). (38) 

■ 

Proof of Theorem II 1 1 Let us conelude with the proof of ([5l]) . By PropositionflTlwe have 
(with the supremum taken, accordingly to Definition |4l on all the functions g £ Cq{W-,] 
such that ll^lloo < 1): 

/ \\/xWtf{x)\dx = sup \ f y2g,{x)X,{Wtf){x)dx\ 

/ E-9'(^)(/ h{t,y-^ox)dX,f{y))dx+ f Y.g,{x)filix)dx\ 

JR" ,-_! \JR" / JR" ,_i 



sup 
s 
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since h{t,z ) = /i(t, z) 



= sup^V/ (/ h{t,x ^ oy)g,{x)dx]dXif{y)+ V g,(x)Ait(a;)da; I 
g [ ^^^ Jr" VJK" / Jr" j^i J 

= supiV/ Wtg^iy)dXJ{y)+ V5,(a;)/ij(x)da; i 

= supJ-V/ X,{Wtg{){y).f{y)dy+ [ V5,(xVJ(x)da: i 

where in the last identity we have used (|15p . We now exploit the fact that the suprenium on 
all compactly supported functions g in the above expression can be replaced by the supre- 
mum on functions rapidly decreasing at infinity (as Wtg is, by the Gaussian estimates) 
verifying the constraint \\(t>\\oo < 1; therefore the last expression is, by (|55|) 

< \DGf\ + Y. IImJIUmk") < (1 + cq^) I^g/I (m"). 

1=1 
We have therefore proved that for any t > 0, 

\yxWtf{x)\dx < (1 + cq^) \DgI\ (M"). 

Passing to the limsup as i — ?> we are done. ■ 



4 Proof of Theorem [14 



Theoremim thanks to coarea formula, follows from Theorem[T3l so we first prove the latter. 
As a preliminary result, we present a characterization of BV{G) functions analogous to 
that in [9, Proposition 2.3]. 

Lemma 18 /// e L^{W^), z e R" and 

liminfi / \f[x o D{i)z) - f{x)\dx< oo, (39) 

then the distributional derivative of f along Z = X]?=i -^j-^j *■' "^ finite measure. 

Proof. The proof is essentially the same contained in |9j, but we repeat it for the reader's 
convenience. We start by recalling the following identity (see [71 p. 17]): if we take cj) € 
Cj^(M") and Z is any vector field which at the origin equals z, then 

Z4>ix) = -^[(l}{xotz)]^^^^. 

Let us apply this identity to the vector field Z = X]?=i ^i-^i which at the origin takes the 
value 

Z* = {zi,Z2,...,Zg,0,0,...,0). 

For any z G M", 

— [0 (x o D{t)z)]/^^^ ^ dt^^^^° ^^*)]/t=o 
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hence 



Since 



d 
It 



-[0(xoD(i)z)]/,^o = 5]z,(X,</>)(a:). 

f{xoD{t)z)-f{x) 



^^^^H.oDit)z-^)-H-)^^ 



(j){x)dx 



< 



\t\ 



\f{xoDit)z)-fix)\dx, 



from ([55]) wc deduce that the functional 



Tf(j) := lim / f{x 



t^o 



{x o D{t)z-^) - (j){x) 
t 



dx 



f (x) Z (j){x)dx 



is well defined and satisfies the condition \Tf(f>\ < C||0||oo- Then, there exists a measure /iz 
such that 

T/0 = f (b{x)dtiz{x), V0 e Cl{«"). 

By the density of C^(K") in Cc{R"), we get the conclusion. ■ 
Proof of Theorem 1131 Let us introduce the functions 



lit) 



WtXE{x)dx 



F{t)^g{t^)= / Wt2XE{x)dx. 



The statement we want to prove is: 



lim ^ = 29. 



l^E 



diE 



)ds2r'. 



First, notice that g{t) — > J^^ XE{x)dx = as 1 1 0. Indeed, 

WtXE - XB = - [WtXE- - XE- 



(40) 



smce 



Xs + XB- = 1 = Wtl = WtXE + WtXE- 
and, since by the finiteness of the perimeter of E either E or E'^ has finite measure, |1 WtX-E — 
X-e||li(R") — >■ as i 4, 0. By De L'Hospital rule we can evaluate limt_j.o g it) j^ft as 

lim 2^^tq it) = lim 2tg (t^) = hm F' (t) . 

Computing the derivative of F using the divergence theorem (|24p and the properties of 
h{t, •), we get: 



F'{t) =2t LWt^XEdx = 2t div^V xWt2XEdx 

J E<: Je'' 

^29^t f {VxWt2XE,iyE)dSQ-' 



(Vx ( j^h{t\y-'ox)dy] ,Mx))dSg-\x). 
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Now, taking into account the fact that h (t, z ^^ — h (t, z), we have 

6((^!,-' o x)dy = J Mf.x'' o y)dy = I r^h (l, D (^\ (x'' oyUdy 
= 1^ t-Oh (l, D (i) (i-i) o D 0) (j,)) dy 



hence 



F'it)^29oot f (j f ^ Wxh(l,z-^oD(jj{x)\dz,iyE{x)\dS!^-\x) 

= 29^1 ([ Vxhil,z~^oD(l)ix)dz,Mx))dSg-\x) 

Jo^,e\Jd{^)e \tj I 

= 29^1 ([ ^xh{l,z-^)dz,VE{x))dSg-\x) 

JaiE \jD(l/t)(x-'^E) I 

= 29^y2 [ ''Eix), I [ XM^,z~')dz] dS2r\x). 

i=l ''d^E \JD{l/t){x-^E) J 

By Theorem |9] (blow-up of the reduced boundary) , we have the L^^^ convergence 

Ei/t,x~i = D{l/t){x-'E) ^ S+iuE{x)). (41) 

Since by the Gaussian estimates Xih{l, z^^) G L-^ O C°°(M"), the integral on Ei/i..j.^i 
converges to the integral on Sq{i'e{x)) (see Remark I lOp . is a continuous function of a: and 
we can apply the dominated convergence theorem, getting 

limF'(i) = 29^ [ yvE{x)^ ( I X,h{^,z-^)dz\ dSg-\x) 



, f Y^Mx\^ I / XMhz)dz\ dSg-\x) 

■^^gE ,^l \JS- i^Eix)) ) 



with the obvious meaning of the symbol S^iyEix)). Next, we perform a standard integration 
by parts in the inner integral, exploiting the fact that the (Euclidean) outer normal to the 
halfspace S^iyEix)) is 

UEix) = (i^_E(a;)i,...,i/B(a;)5,0, ...,0) 

while 

n 

x,/z(i,z) = a,./i(i,z)+ Y. ^^-.(9}W^(i'^)) 

hence 



y^yE{x)^ ( / X,h(\,z)dz\ = V {vE(x),f f 



h{\,z)dz = (I)ig,{ve) 
)) 
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for any x e d^E, and we conclude that 

\im—^ f WtXEix)dx= f MvE)dS2,-\ (42) 

^^^ ^c/ooV t J E" JdlE 

In order to prove the converse, assume that E has finite measure and notice that for any z 



dx. 



;(a; o D{Vt)z){l - XE{x))dx = - Xe{x o D{\/t)z) - xe{x) 

and that the Lebesgue measure is right invariant as weU. Therefore 

/ WtXE{x) dx = i-Q/2 / / /i (l, B(\|^rt){y-^ o x)\ (1 - xe{x)) dydx 
J E" Jr" Je ^ ' 

= 11 h{l,z)xE{xoD{Vt)z-'^){l^xE{x)) dzdx 
-/ h{l,w~^) I \xe{x o D{Vt)w) - xe{x)\ dxdw 



2 . „ 
= -/ h{l,w) \xEixo D{\/i)w) - xe{x)\ dxdw. 

Then, the finiteness of the hminf of the integral in the left hand side of (|^^ implies that 
there is a sequence <fe 4 such that 

-/ h{l,w) \xe{xo D{y/tk)w)~XE{x)\ dxdw <C\/U: 

for all k. On the other hand, by the lower Gaussian estimates on h (1, w) we can also write 
1 



, h{l,w) I \xEix o D{y/tk)w) - XEix)\ dxdw 
>-/ h{l,w) I \xEix o D{y/%)w) ~ xe{x)\ dxdw 

^ J\w\<2 



>c / \xe{x o D{^/tk)w) - xe{x)\ dxdw 

J|to|<2 JR" 

hence 

/ / \xe{xo D{y/tk)w)~XE{x)\ dxdw <C\/U. 

J\w\<2 JK" 

So, if we define the function 

^,,[w) = f \XEixoDiVE)_w)-XEix)\ ^^^ 

by Fatou's Lemma we deduce that 

$o(w) =liminf$tjw) 

A:— foo 

is integrable on i? = {\w\ < 2}. So, for any e > 0, there are a set B^ of measure less than e 
and a constant Cg > such that for every w ^ B\Bs, $o(u') < Ce- In particular, we may 
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choose n linearly independent directions wi, . . . ,Wn. with '^^{wi) < C^, and there is /cq G N 
such that 



\xe{x o D{^/tk)Wi) -Xe{x)\ dx < {Ce + l)vifc, V z = l,...,n, k > ko- 

Then by Lemma [TSl we can conclude that E has finite perimeter. ■ 

We note that the above proof of Theorem [T3] simplifies that of the analogous result in 
the Euclidean setting given in [24] , 

With an argument similar to that used in the proof of Proposition 8 in [25], it is also 
possible to prove the following 

Proposition 19 // E has finite perimeter, then 

Kf \WtXE-XE\dx<CGPG{E), t>0 (43) 



AVt 
with 

cg 



/ \Vxh{l,z)\dz. 

Js." 



Proof. First of all we note that 

(WtXE {x) - XE ix)) dx = 0. 

This follows by (iv) in Theorem 1 li E has finite measure; otherwise E'^ must have finite 
measure, and the same identity holds in view of (|40t . Recalling that < WtXE{x) < 1, we 
deduce that 



WtXE{x)dx^ {WtXE{x)'XE{x))dx^ {WtXE{x)'XE{x)rdx (44) 

E<: J E" Js." 

(WtXE (x) - XE ix)r dx= - \WtXE {x) - XE {x)\dx 

(notice that the above equality holds under the hypothesis that either E or £"^ has finite 
measure). We can also write 

/ WtXE{x)dx= (WtXE (x) - XE {x)) dx = ds LWtXE{x)dx. 

Je" JEi- Jo JE" 

But then by the divergence theorem 

LWtXE{x)dx= dPG{E){x) {\/ xh{s,y~^ o x),ve{x))xe {y)dy 

E" •'d?,E JR" 

<j dPG{E){x) j \Vxh{s,y~^ox)\dy (45) 

■Id^E JR" 
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By (jii]) and (|^ the conclusion then fonows since 

—7= / WtXE - XE\dx ^ —J. / PFtXB(a;)da; = — -= / ds / LWsXE{x)dx 

^TTTil If dPG{E){x) [ \Wxh{s,y-^ox)\dy)ds 

Wt Jo \Jd,^^E JR" / 

-i= / ( / dPG(i?)(a;)^ / \Vxhil,z)\dz]ds 
Wt Ja \Jd*,E Vs Jb" / 



2Vt. 
< cgPg{E). 



Proof of Theorem 1141 The derivation of Theorem [14] from Theorem [13] is based on the 
coarca formula, and is similar to that of Theorem 4.1 of [24]. Assume / € BV{Gi) and set 
Er = {f > t}. By Proposition [T] for a.e. r G M the set Et has finite perimeter, hence by 
Theorem 1131 wc can write 

linr— i-=/ WtXEAx)dx= f M^EAx))dS2r\^) 
*->o 26'ooVi Je- JSg^t 

for a.e. r. 

Moreover, using the same arguments as [I] Proposition 3.69] and the continuity of i/ig it 
is easily checked that the function (t)g,{(Tf{x)) is (obviously bounded and) Borcl. Comparing 
/ with / V TXE-r and using (Tl Proposition 3.73] we see that for a.e. t G M the equality 
(Tf{x) = ue^{x) holds for 5^~^-a.e. x € d^Er, whence 

0g(o'/(x)) = (i)G{^E^{x)) for a.e.T € R, 5^^-^-a.e.a; € d^Er- 

We point out that if x belongs to the boundary of two different level sets Er,Erj (which 
happens whenever / has a jump at x), then the above equality holds for both the levels 
because I'E^ix) — ve„{x) for a,T ^ [f^{x), f^{x)]. We also notice that, for almost every 

' \XEA^)-XEAy)\dT = \f{x)-f{y)\. (46) 



With the aid of coarea formula ([22]) with g{x) = (/)G(cr/(x)), by (|44| . (|46| and using the 
dominated convergence theorem, we obtain that 

M^f{x))d\DGl\=e^ [ [ 4>G{vEAx))dS2,-\x)dT 
= / lim — - / WtXE^{x)dxdT 

= 1^"?, / ~m / l^tXB. - XEAdxdT 

= li°?,T^/ / IX£;r(2/) -XBja;)|/i(i,y"^ oa;)dxdydT 

= \my-^ f \f{x)-fiy)\h{t,y-'ox)dxdy. (47) 
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Conversely, assume that / e L^(]R") and that 

hminf^j / \f{x) - f{y)\h{t,y~'^ o x)dxdy 

is finite. Then, 
/ \f{x)- f{y)\h{t,y~^ ox)dxdy = j / \xe^{x) - XE^{y)\h{t,y~'^ o x)dxdydT . 

jR"xR" jRjR"xK" 

Since Jg^ WtXE > 0, by the above equahty and (|44|) . which we are allowed to exploit because 
for / e L^(R") either Er or its complement has finite measure, we get 

< / liminf ^ / WtYE dx \ dr < liminf / — = / WtYE dxdr 

< liminf—^ / / WeA^) ^ XEAv)\K^iy^^ ° x)dx dy dr < +co . 

In particular, by Theorem [T51 for a.e. t e K the set E^ has finite perimeter and the limit 
lim-^/^^ WtXE-rdx exists. As a consequence, / G i3Vioc(G) and we may use the above 

identity (gH) to get 



iDufmn < — -- / M<^f)d\DGf\ 

< ^^—— liminf -—= / \f{x) - f{y)\ h{t,y'^'^ o x)dx dy < +oo 

mm0G *-*o 4VtjR"xR" 

that is, / e SV^((G). ■ 
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